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the twist of super Yang-Mills theory on £1 backgrounds. 
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1 Introduction 



Topological Yang-Mills theories have been studied extensively in various dimensions some 
years ago [1, 2, 3, 5]. They can be defined as a BRST invariant gauge-fixing of a topo- 
logical invariant, and their topological observables are determined from the cohomology 
of the topological BRST scalar symmetry, whose geometrical interpretation is well un- 
derstood. 

However, a yet unsolved mystery is their relation, by a twist operation, to Poincare 
super symmetric theories, which describes particles. There is good evidence that this 
relation also extends to the case of topological gravity versus supergravity [6]. In fact, 
since topological symmetry has a clear geometrical interpretation, it has been proposed 
to use it to define Poincare supersymmetry. Here we reach an understanding of the 
so-called vectorial topological symmetry of TQFT's, which further support this idea. 

Vector symmetry was first observed as an invariance of the Chern-Simons action, 
gauge-fixed in the Landau gauge [4]. Its existence can be heuristically guessed from the 
possible conservation of the BRST antecedent of the energy momentum tensor. For a 
topological action that is the twist of a supersymmetric theory, its expression is identical 
to the symmetry that one obtains by twisting the spinorial generators of Poincare super- 
symmetry, (as for the case of the scalar topological BRST operator). In fact, the twisted 
formulation has been used to greatly improve the study of various non-renormalization 
properties of M = 2 and 4 supersymmetric theories [9]. 

This paper focuses to the Yang-Mills case. We show that the vectorial topologi- 
cal symmetry can be directly introduced, geometrically, prior to the construction of the 
TQFT. Basically, the vector symmetry arises when one associates reparametrization sym- 
metry and topological symmetry in a relevant way. It is important to work on manifolds 
that contain at least one covariantly constant vector. Eventually, the superYang-Mills 
theory, with Poincare supersymmetry, is reached by untwisting the theory, in the limit 
of flat manifolds. 

We also use the method for constructing "equivariant topological field theories" , whose 
observables are related to the equivariant cohomology classes of the moduli space of 
instantons. In fact, these topological theories can be seen as the twisted versions of the 
Super Yang-Mills theories on the Q background introduced in [22], that are deformed 
version of ordinary supersymmetric theories. 

The scalar and vector invariances of TQFT's constitute a relevant subalgebra that 
can be closed "off-shell" . Eventually, this subalgebra is sufficient to completely determine 
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the full "on-shell" set of supersymmetry generators in the flat space limit. We actually 
show that the invariance under scalar and vector symmetry, which we will geometrically 
construct, is sufficient in order to fully determine the M = 2 supersymmetric action, in 8 
and 4 dimensions, respectively. In the later case the supersymmetry with its 8 generators 
is actually determined by the construction of 5 generators, which build a closed algebra, 
and in the former case, 9 generators are sufficient to determine the supersymmetry with 
its 16 generators. The rest of the generators, (they are self-dual tensor in the twisted 
form), can be considered as an effective symmetry, that one gets for free as an additional 
symmetry of the action. They complete the scalar and vector symmetry generators into 
a set that can be untwisted toward Poincare supersymmetry. They have no geometrical 
interpretation in our knowledge, and, moreover, the complete set of generators cannot 
be closed off-shell for the case of maximal supersymmetry, with 16 generators. 

Determining the TQFT, and afterward the supersymmetric theory, from a symmetry 
principle that has a clear geometrical meaning, appears to us as a progress. Indeed, in 
earlier works, after having the geometrical construction of the scalar topological BRST 
symmetry, the determination of the action was tantamount to that of "topological gauge 
functions", including self-duality equations, but was not relying on a symmetry princi- 
ple. Rather, one was looking for self-duality equations for the gauge fields, which one 
can enforce in a BRST invariant way. The lack of a complete symmetry principle was 
frustrating in this construction. 

The way the geometrical construction for the scalar and vector BRST symmetries 
works is through the construction of two nilpotent graded differential operators s and 
5 that are nilpotent and anticommute up to a Lie derivative. These operators have a 
transparent meaning in the fiber bundles where the Yang-Mills field and the classical 
gravitational field are naturally defined. At each step of our construction, the necessary 
requirement of global well definition can be checked. 

There is eventually a duality symmetry between s and 5, which merely express a 
symmetry between topological ghosts and antighosts. This gives a better understanding 
of antighosts as geometric entities, instead as BRST antecedents of the Lagrange mul- 
tipliers of gauge functions, as has been traditionally done, through the notion of trivial 
BRST quartets. 

In the generic case of 8 dimensions for maximal supersymmetry, the necessity of 
having a manifold with a constant vector implies that its holonomy group be G2, or a 
subgroup of G*2- 

The formula that we will obtain are very similar in four and eight dimensions. Our 



2 



results can be extended in lower dimensions by using dimensional reduction. Besides G2- 
manifolds, cases of interest are Calabi-Yau manifolds, provided they contain a covariantly 
constant vector. Eventually, we express the topological actions as a s^-exact (i.e, scalar 
and vector BRST-exact) term, with a nice correspondence with the Chern-Simon action. 
In fact our formula are reminiscent of previous one found in the general context case of 
"balanced topological theories", [13], with Mr > 2, but here we manage to consider 
the case At = 1, with a pair of "balanced operators" (s and 5), by using a covariantly 
constant vector in the manifold. Then, it is quite natural to write supersymmetric actions 
as a s5-exact term, but the potential cannot be generally considered as a Morse function, 
and it allows for ghosts and antighost that different tensor structures. 

The paper is organized as follows. We first give heuristic evidence that the vector 
symmetry is a consequence of the possible conservation of the BRST-antecedent of the 
energy- momentum tensor of a TQFT - in fact it is equivalent. Then we give the important 
result that there is a geometrical construction of the vector symmetry which is completely 
independent of the idea of Poincare supersymmetry. (We include a section for ensuring 
global consistency of the formula). We display the invariant action under various forms, 
and briefly discuss the untwisting toward supersymmetry. In the last part of the paper, 
we show the equivariant extension of our formulation and show the relationship with 
twisted supersymmetry on the f2-background. 



2 Physical evidence for the existence of a vector 
symmetry 5 in a BRSTQFT 



Let S be a BRSTQFT topological action. Its Lagrangian is reparametrization invariant. 
In local coordinates, represents the action of diffeomorphisms on the fields, and we 
can define local functionals L^^ix — y) corresponding to each field ipA of the theory as 
follows: 



We are aware that in order this operator be globally well-defined, we should add to the 
Lie derivative gauge transformations that permit its covariantization. However, in 
this section, we only consider operators that are basically defined modulo gauge trans- 
formations, in such a way that this subtlety is not relevant. Global requirements will be 
fulfilled when we will construct the vector symmetry, the existence of which we heuristi- 
cally justify in this section. The reparametrization invariance of S implies the "off-shell" 




(1) 
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conservation law : 

V%,(:r) = ^W d n yL A ,{x-y)-^- (2) 
where S L denotes the left -derivative, and T^ u is the energy momentum tensor 

Up to a topological term, the action S 1 is s-exact, S = s J A/ V I / , where the topological 
gauge function has ghost number —1 and s is a topological BRST operator, which is 
a scalar under reparametrization. The s-exactness of the action implies that the energy 
momentum tensor is also s-exact. Thus : 

Tfi V = sA^ (4) 

where A^ is a local functional of the fields and has ghost number -1. The gauge function 
is yet arbitrary. Our aim is of removing this indetermination by a symmetry principle. 
The later should also be a canonical property that defines a regularized action in the 
path integral. 

We propose that this additional requirement is that the energy momentum tensor 
admits a conserved BRST antecedent, modulo equations of motions, consistently with 
Eq.(4): 

VA^ « (5) 

As a matter of fact, this property (5) determines the theory in the Yang-Mills case, 
by adjusting all coefficients in the possible topological gauge functions in such a way 
that one eventually gets the twisted Yang-Mills supersymmetric action. 

Eventually, we will transform this property into a symmetry principle. 

Since A^ v is a local functional of the fields, its conservation law must take the form 

V^(*) = ^W d n yV A »(x-y)/^- (6) 

where Va^x — y) are local functionals with ghost number —1 of the fields ifA- As in 
the case of the energy momentum tensor, where La^ determines the diffeomorphism 
generators, we can define from the V Al i the following vector operator [7, 8] : 



Sip A (x) = - / d n yK^y)V A ,(y - x) (7) 



M 
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Here ^(y) is a globally well defined given vector field (which makes a distinction as 
compared to the ghost of the diffeomorphism symmetry). Note also that this 

transformation is not an infinitesimal one, k is a finite vector field. Asking for the 
invariance of the action S under ^-transformations restricts the choice of n. One has 
indeed: 

5S = - [ d n xT[ d n y^(y)V A ,(y-x)-^^= [ d n x^gA^^ 

(8) 

(In the last equality we performed an integration by parts, so the necessity of global 
consistency must be remembered). From Eq. (8) we deduce that the 5-invariance of the 
action only holds if k is covariantly constant. We stress that, k being a Killing vector is 
sufficient, since is generally non symmetrical, see Sect. 5 for more details. 

The association between a global symmetry of the theory and the conservation of a 
current is nothing but the Noether theorem. As a matter of fact, on any given specific 
case, one can redefine by the addition of a term linear in the equations of motion, in 
such way that its conservation law takes the simpler form 

Under this form, A' can be identified to the Noether current associated to the 5 sym- 
metry. 

The statement that the conservation equation determines the complete form of the 
operator 5 is however a non trivial one. As we will see further down, in this heuris- 
tic derivation, 5 is determined modulo gauge transformations and terms linear in the 
equations of motion. 

The understanding of the vector symmetry requires the determination of its commu- 
tation relations with the scalar BRST symmetry. We have : 

ss ,.„ , s r 5S 



J d n yL llA (x - y) j^r^ = V9^ u T^ u (x) = s j (PyV^x - y) 



d n y\ sV M (x - y) - (-1) a V,a(x - y)s 



&<PA(y) 8<pa(v) 
5sip A (y)\ 5S 



d n y[ sV^ A (x -y)+ d n zV^ B {y - z) 



S(p B (z) J 5(p A (y) 
(10) 
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where the sum over repeated indices is assumed, as well as the fact that the functionals 
derivatives are taken to the left. To prove Eq. (10), one uses the following identity, which 
is consequence of the s-invariance of S: 

0= ! d n z—^--(scp B (z)-^— 

Jm <pa(v) V o<p B (z) 



\ 0<PA\V) Oip B {z) 



m \SipA(y) Sip B (z) ip A {y)8ip B {z) 

= f d n z 6SifB{z) 5S +(-l) A s - (11) 
Jm ^ A {y) S<p B (z) S<f A (y) 

In fact, Eq. (10) indicates that one has 

{s,5}*£ K (12) 

on all fields if a, at least modulo gauge transformations and modulo terms proportional 
to the equations of motion. 

This point is not completely obvious. Eq. (12) would be exact if the Eq. (10) would 
constrain the both functionals L^a(x — y) and sV^a(x — y) + J d n zV^ B (y ~ z ) 
to be equal. The indetermination of this equation reverts to the determination of the 
solution of the equation 

d n yR,A(x-y)-^— = (13) 
o^A{y) 

and the equation (12) is satisfied modulo the transformations which could be generated 
by the functional R^a- One has actually an analogous situation for the determination of 
the operator § from the conservation low of A^. 

We first observe the existence of the following solution of Eq. (13) 

R,a(x -y)= (r»ab(x -y)- (-l) AB R, BA (x - y)^j (14) 

for any local functional of the fields R^ab- Because of this solution the commutation 
relation of s and 5 could be true only modulo terms involving the equations of motion. 
One has to check whether there are other solutions of the equation (13) that cannot be 
written as a term linear in the equations of motion. We assume that all local functionals 
which are zero when the equations of motion are satisfied are linear in the equations 
of motion thereself via a local functional of the fields. With this assumption, if there 
is another solution, we can differentiate the equation (13) with respect to ip B (z), and 
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obtain 



( 



/ 



d n yR^ A (x-y) 



5 2 S 








(15) 



when the equations of motion are satisfied. The functional 




is only degenerated 



in theories with constraints. The solution of the equation (15) is by definition a gauge 
transformation. So the general solution of the equation (13) is a sum of terms linear in the 
equations of motion, and of local functionals which correspond to gauge transformations 
(or reparametrizations in gravity). Therefore S and its commutator with s are determined 
modulo gauge transformations and equations of motion from (6) and (10). 

At this level of the discussion, one may feel frustrated by the lack of geometrical 
understanding of the situation, and it appears that a direct construction of 5, which 
satisfies Eq.(12) and has ghost number -1, is needed. 

Therefore we now adopt the attitude that one must reverse the point of view, and 
directly construct both differential operators s and 5, from geometrical principles. Then 
the determination of the action from s and 5 invariances will warranty the conservation 
law of both the energy momentum tensor and of its s— antecedent A^ v l . The determi- 
nation of the superPoincare algebra will be a corollary, using twist arguments that are 
allowed on the manifold that we will use. 

The following sections are devoted to the geometrical construction of the symmetries 
in the Yang-Mills case, for the generic dimensions 4 and 8. We will also construct ab- 
initio the differential operators s and 5, with an interesting irruption of antighosts on 
the scenery. In fact, their geometrically interpretation will arise form a duality relation 
between the ghosts and the antighosts, as in balanced topological field theories. 

The algebra will respect by construction the closure relation Eq.(12) that is suggested 
by the above heuristic discussion. Eventually, we will compute the antecedent of the 
energy momentum tensor, and verify that it generates the 5-symmetry. 

lr The question of anomalies of s and S invariances is of course an interesting question 
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3 The gravitational and Yang— Mills horizontality con- 
dition for the scalar and vector topological symme- 
tries 

3.1 Topological symmetry and globality requirement 

The Yang-Mills topological symmetry BRST operator s top is defined from the equation 

(d + s top )(A + c) + (A + c) 2 = F + ^ + $ (16) 

Ref. [1] gives the interpretation of all fields in Eq.(16). 

To extend this horizontality condition and eventually define the vector symmetry, we 
found that we must make it compatible with reparametrization invariance, and, moreover, 
antighost dependent. In fact, by finding the way of combining consistently topological 
symmetry and reparametrization invariance, we will define scalar and vector topological 
invariances and reparametrization symmetry, with transformation laws that are globally 
well-defined. To obtain global consistency, we face the not so trivial question of expressing 
the transformation laws of Yang-Mills connections under reparametrizations, in the base 
space M, over which one compute the path integral. The appropriate language is well- 
known: it is the fiber bundle formalism. It allows one to define connections and their 
curvatures, and, eventually, combine Eq.(16) with reparametrization symmetry. We will 
show that the symmetry transformations of the fields are most easily obtained when they 
are lifted in the fiber bundle. Then we will give the prescription to perform the projection 
on the base space, which defines the fields that one can insert in a path integral. Taking 
equal to zero the background connection is basically the wish for the impatient reader. 
The latter can identify the vector ghost that expresses the reparametrization ghost in the 
base space with its lifted expression in the fiber bundle. (The background connections 

O Q 

for Lorentz and Yang-Mills invariances that we will shortly introduce, A and u, define 
the horizontal lift of the reparametrization ghost, from £ to £ h . Taking A = uo = is 
often possible for field configurations that one encounters in quantum field theory, so one 
can indeed often identify £ and £ h ) 

Using the fiber bundle language is not an unjustified excess of mathematical rigor. 
It allows the construction of an action that is a well-defined integral over the whole 
manifold, by ensuring that the Lagrangian and the symmetry transformations involve 
globally well defined objects. 
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To define the reparametrization symmetry, one uses the notion of spin-connection, 
with w as a gauge field for the Lorentz symmetry. This allows us to define the expression 
of combined Lorentz and reparametrization symmetry, as was done long time ago in 
the case of determining and classifying gravitational anomalies [10] [11] [12]. We will 
first consider the purely gravitational bundle, and then generalize it for including the 
topological Yang-Mills symmetry. 

Eq.(16) only involves the topological ghosts. In [1] the antighosts are considered as 
a trivial BRST sector, which one introduces in order to do the topological gauge-fixing. 
At the heart of the notion of a TQFT, there is however a mapping between the ghost 
and antighost Hilbert spaces. The introduction of the topological vector symmetry will 
unexpectedly permit a transparent geometrical interpretation of the antighosts, "dual" 
to that of the ghosts, with some relationship to the idea of antiBRST symmetry. 

3.1.1 Pure gravitational case 

We will construct a gravitational "horizontality condition" for defining the reparametriza- 
tion symmetry and the way Yang-Mills connections and their topological ghosts trans- 
form under reparametrization. We will eventually reach an algebra that is globally well 
defined. 

To carry out this program, we define the gravitational horizontality condition on the 
total gravitational principal bundle II over the manifold M n , (n is either 4 or 8), over 
which we will define the path integral. 

SO(n) -> n 
I 

M (17) 

Then, we will introduce a relevant background Lorentz connection cu. 

A given connexion on II is equivalent to the selection of a decomposition of its tangent 
space 

TLT = TV © TH (18) 

It is known that the so(n) valued p-forms on M are identified by the use of local trivializa- 
tions to the equivariant forms in so(n)(£)A p TH*. The gauge potential defined on open sets 
of M is the local trivialization of the globally well defined connection in so(n) ®TV* . In 
order not add too much notations, we will use the same notations for the objects defined 
on II as for their local trivializations on M. 
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The following covariant horizontality condition on II defines a nilpotent and consistent 
graded differential operator S, (which we donnot yet interpret), acting on the connection 
to and its ghost Q 

(d + S)(u + Q) + (u + Q) 2 = exp(i^)R (19) 

£ h is the horizontal lift on TH of the reparametrization ghost vector field £ defined on 
TM. Eq. (19) is the generalization of that first found in [10] for M. It is aimed to deter- 
mine transformations that contain local Lorentz transformations and reparametrization 
transformations, in the BRST formalism. The £ h - dependence, instead of a genuine in- 
dependence, involves the existence of a background connexion uj, which allows us to make 
reparametrization explicitly compatible with (Lorentz) gauge transformations 2 . R = d^u 
is the definition of the curvature in II. 

The contraction operator i^h acts on all relevant objects in IT, forms and connections. 
An easy computation gives the following identity on II : 

exp(— i£h)(d + S) exp(i^) = d + S — C^h + i(s$ h (20) 
where C^h = [i^h,d]. 

The nilpotency of the graded operator (d + S) amounts to that in the rhs of Eq.(20). 
This equation implies the introduction in M of a vector field ip = S£ — that we 

may call a ghost of ghost of the reparametrization ghost £. We must have for consistency 
the following transformation laws : 

S£ = ^ + ^,£} 

Sp = C^ (21) 

(Ref. [11] explains the algebraic details of this construction). Provided that the later 
equation is satisfied, nothing forbids that tp ^ 0. 

if is a vector field on TM, with horizontal lift <p h on TH$ whose possible existence is, 
for the moment, just a logical possibility. 

In ordinary gravity, in order to interpret S as the BRST operator of plain reparametriza- 
tion invariance, ip must be fixed to zero. In this case, S just express the ordinary grav- 
itational and Lorentz BRST symmetry. Formally, when (p ^ 0, Eq.(21) looks like the 
Weyl extension of the Lie algebra of diffeomorphisms. 

rj O 

We note THq the horizontal tangent space defined by the background connexion u>. 
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Since u> is a background field, Suj = and the BRST operator must commute with 
the horizontal lift that it defines, S(l; h ) = (Sl;) h , that is 

=^ h +\{e,e}+{^fRj (22) 



where 




= r v is the fundamental vertical vector associated to the so(n)-valued 



element ±i* h R. Eq.(22) can be read as a definition of the background curvature R = dou. 
We can thus rewrite Eq.(20) in II under the following form : 

exp(— i^h)(d + S) expfyh) = d + S — C^h + v + y (23) 

We redefine on II, Cl = Q — i^hU, which must be written on M as follows, by the use of 
local trivialization 

Cl = Q - i^uo - u) (24) 

Indeed u — u is a tensorial form, and truly corresponds to a horizontal form on II; we 
can thus finally rewrite the gravitational horizontality condition in II as : 

(d + S - C^h + i r v + i vh ) [oj + Cl) + (uj + VL) 2 = R (25) 

Eq.(25) can be expanded in ghost number, and projected on M. 

For <p = 0, the resulting pure gravitational transformation laws depends on u, and are 
as those that were computed in [12], by asking that the gravitational BRST equations 
correspond to a Lie algebra. 

We will actually generalize Eq.(25), when the relevant new ingredients will be intro- 
duced to combine it with the Yang-Mills topological symmetry and obtain the topological 
vector symmetry, with if ^ 0. We will perform the projection at this moment. So, we 
momentarily leave Eq.(25) as it, and spend a few lines to comment on the operators that 
appear in it. 

Since it is defined on A'TV*, the contraction operator (i r v) acts non trivially only 

o 

on the connection. It generates a term \i^ h R when one expands in ghost number the 
horizontality condition. 

C^h is defined as, C^h = [i^h,d], where d is the exterior derivative on A'TU*. It is 
defined for any p-form w to be : 
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where 4>^ h t is the pullback application of the flow 0gh <t , defined by 

<PeM=p ( 27 ) 

The curve t £ [0, 1] — > (f)th t (p) £ II is the horizontal lift of t £ [0, 1] — * (p^ t (irp) £ M 
starting from p , where 7r is the projection from II to M of the fiber bundle. As such, C^h is 
a parallel transport generator and since the parallel transports preserves the tensoriality 
property of forms, C^h does also. It follows that the projection of C^h in M must be 
locally expressed as: 

A + ^Lorcntz(^) (28) 

In fact, the projection in M of i^h is for a tensorial form, and — u) for a connection. 

We will now address the possibility (p 7^ by coupling gravity to Yang-Mills topolog- 
ical symmetry, so that S will have a more general interpretation, which will allow us to 
define the vector topological symmetry. 



3.1.2 Yang Mills coupled to gravity 

In order to couple the Yang-Mills symmetry with gravity and obtain a horizontality con- 
dition for the topological Yang-Mills symmetry coupled to reparametrization symmetry, 
we introduce another (Yang-Mills) principal bundle P : 

P 

I 

M (29) 
The additional horizontal Yang-Mills lift is defined by introducing a background connex- 

o 

ion A on P. One defines in P : 

{d + S)(A + C) + (A + C) 2 = exp{i e )(F + W + <t>) (30) 

In an analogous way as in the previous section, we do a left-multiplication by the operator 
exp(— i^h), and we obtain: 

(d + S - C e + ifv + y0 {A + C) + (A + C) 2 = F + ¥ + cj> (31) 
where f v = (hipF^ ( F = doA) and C = C - i^A. 
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To absorb the reparametrization ghost dependence, it is convenient to define a new 
operator S, from S [11]. For all fields, but the Faddeev- Popov ghosts Q and C, we define 

S = <S - £g - 5 Lorentz (^a>) ~~ ^gauge(^); ( 32 ) 

and for Q and C, we define : 



SC = SC- + -if F, (33) 
2 



As a consequence of S 2 = 0, one can check that : 



where Jzf^ = [i^ , d Q °]. 

>f 6 

5 2 = - 5Lorcntz(V^) ~ ^gaugc(V^) (34) 

and 

Sd + dS = 0. (35) 

Using S or S is a matter of convenience, which depends on the problem at hand. 
The "decoupled" (i.e, with no explicit ^-dependence) horizontality conditions read on 
II and P : 



(d + S + i !f h)(uj + n) + (u + =R 

(d + S + i^)(A + C) + (A + C) 2 = F + ¥ + 4> (36) 



They look almost as standard equations in flat space, except for the appearance of 
the operator i v h. 

To summarize, we started from horizontality equations that are well-defined in the 
fiber bundle. By projection on the manifold M, we obtain graded equations that deter- 
mine the operator S in local coordinates, with transformation laws that are by construc- 
tion globally well-defined, and will be shortly displayed. The redefinition of S into S 
gives simple expressions. 

By expansion in ghost number, the later equations (36) determines the action of the 
BRST operator S that is equivariant with respect to the reparametrization group. After 
projection on M, they are: 



SA-i e F + d A iz(A- A) +d A C = i ¥ (37) 



SC - SffC + - [C, C] + i v (A - A) + -i*F = 4> (38) 
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We have similar equations for the action of S on uo and Cl. Using the relation between S 
and S, the equations can be equivalently rewritten in the following way, which shows more 
explicitly, term by term, that we have truly reached a globally well-defined definition of 
the BRST operation S: 

SA + dAC = ^ (39) 
«SC + ~[C,C]+v(A -!)=<& (40) 

This later expression of the symmetry is particularly convenient, in particular for 
computing the invariant Lagrangian. 

3.1.3 Putting equal to zero the background connections 

o 

The formula are simplest when one sets to zero the background connections A = and 
U) — 0, and make no distinction between the vector fields in the fiber bundle and in M 
(which is generally an improper choice from a global point of view, but is sufficient in 
perturbative quantum field theory around the trivial vacuum). This gives the transfor- 
mation laws as in [11], which express the reparametrization and Yang-Mills symmetry. 
As indicated at the time, they express the symmetry in two equivalent ways, which are 
sufficient to control the symmetry of the TQFT : 

SA + d A C = ¥ + i^F 
SC + ±[C,C\=* + it* + ^F (41) 

and 

(S - C^A + d A C = x ¥ 
(S - C 6 )C + i [C, C] +i v A = <t> (42) 

where C = C — i^A. The expression of S in Eq.(41) is explicitly covariant, but tedious 
to use. The expression of S = (S — C%) in Eq.(42) is convenient, all dependence in £ is 
hidden, owing to the field redefinition C — >• C — i^A. Moreover, for an integral over the 
manifold, S and S invariances are the same. This field redefinition looks not globally 
well-defined, as i^A is ambiguous from a global point of view, but the above analysis has 

o 

taught us how to remedy this, it must be understood as C — >• C — i^{A — A), and for the 

o 

rest one should keep in mind the dependence in the background connection A, indicated 
in Eqs. (32,33). 
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We actually have a consistent recipe: global consistency is obtained from the simplest 
formulation with no background connection, provided one replaces all connections that 
may appear in the form i^u or i v A by their difference with a background connection 

iip^A — A) or iyUu — ui). This eventually defines a differential S, which encodes the 
relevant information on the gauge symmetry and reparametrization. 5-invariance defines 
the theory. 

The above presentation makes a bridge between the facts that the expression for the 
BRST symmetry is simplest in the fibers bundle II, P, defined over the manifold M, while 
it needs more elaborate formula on M, where quantum field theory is computed. It yields 
unambiguously the dependence in the background connection that delivers well-defined 
integrals over M. 

3.2 Extended horizontality condition for the scalar and vector 
topological symmetry 

We now reach the important point of the paper, that, given a given covariantly constant 
vector k on M, we can geometrically build the topological vector BRST operator out 
of a globally well-defined operator S. the vector symmetry will be shortly defined as a 
differential graded operator 5 with ghost number -1. We understood in section 2 that a 
BRST-exact action can possibly define a vector symmetry that leaves it invariant. The 
question is to find a geometrical way of building this vector symmetry. 

Since we have in mind the determination of the vector symmetry from an "extended 
horizontality condition", we may wish to get a hint that it is possibly contained in the 
geometrical formalism. We can see it from the following indirect argument, which heuris- 
tically provides evidence that the ordinary horizontality condition of a Mr = 1 TQFT 
contains the germs of another symmetry than the usual topological BRST symmetry. 
There are in fact topological theories with more than one scalar operator that can be 
identified to a BRST operator. They are known as balanced topological theories [13]. 
They are often obtained by dimensional reduction of a Mr = 1 TQFT. Such theories have 
a symmetry between ghosts and anti-ghost which is SL(2, R) in the case of two charges, 
At = 2. Both BRST algebras can be described by a BRST-antiBRST horizontality con- 
dition, which displays a symmetry between ghosts and anti-ghosts. For instance, Mr = 2 
occurs when one dimensionally reduces from 4 to 3 (or from 8 to 7) dimensions the gen- 
uine d=8 (or d=4) Mr = 1 topological Yang-Mills theory. In this case, the topological 
ghost and antighost of the dimensionally reduced gauge field are symmetrical pair of 
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anticommuting vectors that belong to the fundamental representation of SL(2, R), and 
the scalar topological ghost of ghost, the corresponding antighost of antighost and the 
Higgs field, which results from the dimensional reduction of the Yang-Mills field, fall 
into the adjoint representation of SL(2, R). (Of course this phenomenon is related to the 
property of the R-symmetry in supersymmetric theories). In these cases, dimensional 
reduction allows us to obtain a BRST-antiBRST symmetry from a theory that seems to 
have only one BRST symmetry. 

Dimensional reduction occurs by giving a special role to a given dimension, and results 
in the elimination of the non-zero modes along a one-dimensional space H . 

By enforcing reparametrization invariance in the relevant way, we will find, that on 
a reducible manifold M = H x N where H = R or Si, we can construct an extended 
horizontality condition for At = 1 topological theories. An important point is that the 
invariant action will not depend on the constant vector k that defines the one-dimensional 
space H. This eventually defines the vector topological symmetry, which completes the 
ordinary scalar BRST symmetry, and shows that the A"t = 1 theories contain an enlarged 
symmetry. 

For the case of Q backgrounds, we will need the existence of a Killing vector in 
addition to that of a covariantly constant vector field on the manifold. Eventually, we 
will obtain a twisted version of a deformed supersymmetry. 

In what follows, we thus consider a manifold M that contains at least a constant 
vector. This property reduces to the reducibility property for a simply connected manifold 
[14]. (Reducibility only holds locally in the general case.) 

3.2.1 Obtaining of the extended horizontality condition 

We start from the formalism that introduces ghosts and antighosts of the Yang-Mills 
TQFT in a fully symmetrical way. We will shortly break this symmetry. 

The Lorentz invariant Yang-Mills BRST-antiBRST horizontality condition is 

(d + s + s)(A + c + c) + (A + c + c) 2 = F + * + *j> + $ + $ + L (43) 

It must be completed with its Bianchi identity that determines the action of s and s on 
the topological ghosts that occur on the right hand side, and ensures (d + s + s) 2 = 0. 
For such equations one has a conserved grading made of the sum of the ghost num- 
ber and the form degree on M. The total ghost number of A, c, c, ^, $, L, $ are 
respectively 0, 1, —1, 1, —1, 2, 0, —2, and their form degree 1, 0, 0, 1, 1, 0, 0, 0. A ghost 
antighost bigrading exists, such that its values for A, c, c, ^, $, L, $ are respectively 
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(0, 0)(1, 0), (0, 1), (1, 0), (0, 1), (2, 0), (1, 1), (0,2). The scalar BRST and antiBRST oper- 
ators s and s have bigradings (1,0) and (0, 1), respectively. The net ghost number of a 
field with ghost bigrading (g, g') is simply g — g' . 

The fields \l/ and L do not show up in the At = 1 theory, while the antiselfdual 2-form 
antighost x^ 1 an d the scalar ghost rf 1 of this theory does not appear in Eq.(43). We 
will fill this apparent contradiction and come to the point of directly determining both s 
and S symmetries. 

We classically couple the topological theory to gravity, to express reparametrization 
invariance in M, but use the freedom of introducing a vector (p ^ 0, as generally shown 
in the last section. This will produces a symmetry operator S, which obviously contains 
more information than the usual scalar operator s. 

The existence of a covariantly constant vector field k on the manifold basically permits 
one to gauge- fix the component i K e a to Sq. This property allows one to bypass the usual 
gravitational horizontality condition of the vielbeins, which imposes tp to be null in a fully 
SO(n) invariant theory. Some deformations of the BRST transformation of £ can in fact 
be consistent with the closure of S on uj and Q. The challenge is that the deformation 
must be compatible with the Bianchi identity: 

S 2 uj = i v R S 2 tt = i^R (44) 

Here, it is solved by some restriction of the geometry, such that the equation of motion 
of the first order formalism T = 0, gives an SO(n — 1) holonomy curvature, leading to 
i K R = 0. This is because the gauge fixing of the vielbeins imposes to the holonomy group 
of the second order curvature to be included in SO(n — 1). 

We are thus allowed to give to (p a non-zero value in the k direction. To be definite, 
we choose ip = —k. The norm of k is an irrelevant quantity. Therefore, all identities 
must be homogeneous in k. It is equivalent to either impose the conservation of the 
bigrading (g, g'), or to impose the conservation of the net ghost number g — g', assuming 
that k's bigrading is (1,1). We conjecture that this bigrading can be identified to the 
ghost antighost bigrading, in such a way that g and g' are both positive. 

We identify S = s (1,0) + s (0,1) , and C = c (1,0) + c {0,1) . The consistent horizontality 
equation (36) can be written as follows: 

(d + s (1 ' 0) + s (0A) - i K n) (A + c (1 < 0) + c (CK1) ) + (A + c (1 ' 0) + c^) 2 

= F + \I/ (1 ' 0) + ty {0 - 1) + $ (2 ' 0) + $ (M) + $ (0 ' 2) (45) 

We now break the symmetry between the ghost and antighost sectors, using the vector 
field k. Each field of (g,g f ) graduation must be homogeneous of degree g' in k, and thus 
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we define: 



c {%1) = \k\c ^ ((U) = g(K)r] + % rX 

$ (0 - 2) = |«f<5 (46) 

where we defined the following 1-form out of k : 

g( K ) = g^dx v . (47) 

The 1-form g(n) satisfies i K g{n) = |ft| 2 , and will play an important role, together with 
the property {i K ) 2 = 0. A non zero value of $ (M) defines a consistent algebra; however 
there is no corresponding invariant action. Therefore, we set $ (M) = 0. 

Of course, c and c are identified as the Faddeev-Popov ghost and antighost, respec- 
tively. 

The redefinition vl/ 10 ' 1 ' — > (rj, \) is k dependent in a non-trivial way. In fact, the 
decomposition of \[> (0 ' 1) implies that the 2-form representation of the holonomy group 
be reducible, in order that the pair ?7 _1 ,X^J has as many degrees of freedom as the 
vector ^^'^ . In 8 dimensions, we thus suppose that M has a holonomy group not 
larger than Spin(7), so that \ be antiselfdual in the octonionic point of view in eight 
dimensions, with seven independent components (or \ is antiselfdual in 4 dimensions, 
with three independent components). Moreover, in order that k be globally well defined 
in 8 dimensions, the holonomy group must be included in G2 (i.e, N be a G 2 - m anifold 
in the reducible case). 

We call: 

8 = 

5 = (48) 

Having introduced all these fields, we obtain 3 

(d + s + 5 - i K h)(A + c + \k\c) + (A + c+ \k\c) 2 

= F + * + g(K)r] + i K hX + $ + |^| 2 $ (49) 

and the associated Bianchi relation 

(d + s + 5 - i K h) (F + * + g(K)T} + i K h\ + $ + M 2 ^) 

+ [A + c + \k\c, F + * + g{n)r] + i K hX + $ + \k\ 2 §] = (50) 

3 g(ft) must be seen on P as n*g(K), where ir is the projection of the fiber bundle. 
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The property (d + s + 5 — i R h) 2 = implies in M: 

S 2 = s 2 + {s, 5} + 5 2 = C K + 5„(t K A) (51) 
We have therefore on all fields 

s 2 = 

o 

{s,5} = £ K + 5 gaVLge (i K A) (52) 
5 2 = 

And the decomposition in power of k of the transformation of the reparametrization 
ghost implies 

s « — H<.« «e— « (53 ) 

sk = 5k = 

We will see shortly that a complete and finite field representation of the algebra can 
be found in a consistent way in four and eight dimensions. 

3.2.2 Resolution of the extended horizontality condition 

The decomposition of the first equation (3.2.1) according to the gradings gives: 

sA + dAC = ty 5A + dA\K\c — g(K)r) + i K \ 
sc + c 2 = $ 5c + \k\c 2 = |ac|$ 

o 

s\k\c + 5c - i K (A - A) + [c, \k\c] = (54) 
It is most convenient to use the s and 5 operators in the Cartan representation defined 

by 

S c = S + 5 g augc(c) 5 5 = 5 + 5 g augc(|«|c) (55) 

On all fields, but c and c, one has: 

s 2 = 5 ($) 5- 2 = 5 (\k\ 2 §) 

°c "gauge V^V u c "gauge VI "'I ^ } 

{s c , 5g} = C K + 5 gaugc (56) 

So, the decomposition of the Bianchi identity (3.2.1) gives 

+ d A $ = 5 5 (g(K)rj + i kX ) + N 2 d A $ = 
s c (#(*0?7 + + ~i K F = 
s r .$ = 5 5 |k| 2 $ = 



<5 g $-z K ^ = s c |k| 2 $ + |k| 2 ?7 = 

19 



(57) 



Because of the bigraduation, the horizontality condition does not fully determine 
the action of the s and 5 on all fields. Indeed, one has degenerate equations of the 
type s(antighost)+5(ghost)= .... To raise the indetermination, we introduce "auxiliary" 
fields, a scalar b° and a 2- form T° , with : 

s cX = T s c T= , 5g s 
s c c = b s c 6=[$,c] 

It is by construction that we can consistently define the action of s and 5 on the 
"auxiliary" fields. In practice, this require a step by step computation, which yields the 
action of 5, such that 5 2 = 0, {s, 5} = Jzf K . 

The field % occurs in the horizontality relation only trough its contraction along k, 
i K X- Since i K 2 = 0, the resolution of equation is not yet established, since x is defined 
modulo terms that are z K -exact. 

A little of algebra must now be done to obtain the transformation of x^v If we use 
the decomposition 5 5 = k^s^, (which is only true locally), we have from (54) and (55) 
that 

s [fl A u] = -Xfu, s {fl s„ } A a = -g^D^ (59) 

This gives 

SaXfJW = -SaS[^A u] (60) 

and we deduce from the decomposition 



©2x 



□ ®g = - 



that 

SaXtiv = 2g a[li D u] ^ - s [a s^A u] (61) 

The ghost number and dimension of fields are such that, without introducing other fields, 
sx must be proportional to ^1 

SaX„u = 2g^D u] $ - q aH P D p $ (62) 

We have introduced an invariant tensor C\ on the manifold. (It is the e tensor for 
4-manifolds, and the octonionic self-dual 4- form for Joyce manifolds.) 
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We already know that the condition x^v = PaJ P X<ypi for this field to count for n — 1 
degrees of freedom in n dimensions. Since 5^x — [^jX]j must be totally antisym- 

metric and that 

fat ~ C; u { ^y-?K eT = g°»P- eT (63) 

which gives 

p^ p = lfa-\c;r) (64) 

We know from [15] that the only possibilities to construct such projector with the holon- 
omy group reduced to at most the maximal invariant subgroup of SO(n) are in four and 
eight dimensions. This is a further check of the need of a holonomy group of M. We 
will adopt a unified notation for this projector in four and eight dimensions, with the 
convention that C is just the unity in four dimensions and the octonionic 4-form in eight 
dimensions : 

W2 = — (w2 — *Cw2j (65) 
3.3 Expression of the s and 5 symmetries 

The resolution of the horizontality condition has thus given us the following expression for 
the action s and 5 on the fields we started from, plus the fields that we had to introduce 
to solve the degeneracies. These transformation laws are written in a way that is globally 
well defined: 



s c A=V 

Sr$ = 



5- c A- 
5c$ 



g{K)r] + i K x 

i K (T + F)+g{K)[$,$] 



s c $ = 77 
s c r) = [$,$] 



<5 c -$ = 
5 5V = ^ 



(66) 



ScX = T 
s c T=l$,x] 



8cX = %{g{K)d A <$>)~ 



5 S T = -f (g( K )d AV + </(«) *]) + ££ kX 
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sc = $-c 2 Sc=i K (A- A) - |k|6 

sc — b— [c, 6] <5c = |«|($ - c 2 ) 

sfe = [$ ; g] - [c, 6] Sb = ££ K c - \k\t\ 



(67) 



Let us give for the sake of clarity the explicit c and c dependence in the transformation 
laws Eqs. (66) 

sA = ty — d,AC 5A = g(K)r) + i K x — \k\cIac 

s¥ = -d A $- [c,*] 5* = i K {T + F) - |«|[c,*] 

s$ = -[c, $] 5$ = i K ^ - |k|[c, 3>] 



S$ = 7/-[C, \P] (5$= -|k|[c, \&] 

s?7 = [$,$]- [c, 77] $77 = ^$- |«|[c,77] 

s X = T - [c, X ] 5 X = f (g(K)d A $) - - \k\ [c, x] 

sT=l$, x } - [c,T] 6T=-* (g{K)d A V + 9{K) + ^X~ |«| [c,T] 



(68) 



The following remarks are important : 

- As for an explicit dependence on the background connection, it only occurs in Sc. 

- The part of the BRST algebra that is relevant for untwisting only involve the fields 
in the first sector of the BRST equations, in Eqs. (66). It is important to note that the 
BRST invariance, introduces the Faddeev-Popov ghost in a way that is compatible with 
the S invariance. This property is, in particular, very important for the questions relative 
to renormalization of supersymmetric gauge theories. 

- In the flat space limit, we can define the anticommuting generators s M , using S 5 = 

and expanding in k m , both in 4 and 8 dimensions. The action of s M for the fields 
in (68) identifies itself with the vector symmetry [9] used in d = 4 and obtained by 
twisting the supersymmetry algebra. However, here, the presence of auxiliary fields and 
Faddeev-Popov ghosts and antighost fully ensures consistency. 

- The fields c and b are indispensable in order to close the s and S operator on 
the Fadeev-Popov ghost c. In fact, the existence of the S symmetry, and its link with 
reparametrization invariance, is likely to provide the geometrical interpretation of c and 
b, as well as of other antighosts of the TQFT. 
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- The ghost antighost duality which will be defined in the next section will make the 
latter point more precise. 

- Power counting arguments based on the dimensionality and ghost number of fields 
show that the above transformation laws are the most general ones that solve the relations 

o 

s 2 = 5 2 = 0, {s, 5} = Jf K , up to irrelevant field multiplicative renormalization factors and 
linear field redefinitions for the "auxiliary" fields b and T. The geometrical horizontality 
equation that we defined in the fiber bundle actually solve this constraint. 

In the next section, we will construct invariant actions for the symmetry. Eventually, 
we will discuss this untwisting toward the Poincare superalgebra. 

4 The action 

4.1 The topological/supersymmetric action as a s-exact term 

We now have a complete realization of the s and S symmetries, and wish to compute an 
invariant action. 

Even if the algebra is defined only on a manifold of reducible tangent bundle, we 
demand a Spin(7) or an 50(4) invariant action in respectively eight and four dimensions. 
This means that the action must be independent of k, which is an non trivial requirement. 
(Our construction needs a base space of the topological Yang-Mills theory that contains 
a constant vector. However, we wish the theory be generalizable for a more general 
manifold, provided it has the required holonomy for defining self-duality equations.) 

We will focus on the terms of power counting corresponding to the strictly renormal- 
izable case in four dimensions, and extend this requirement in 8 dimensions, which can 
be done by a formal power counting argument (so we exclude higher order derivative 
terms) . 

The only way to construct an 5-exact action, which is invariant under gauge trans- 
formations, reparametrization invariant and independent of k, is such that 

5 vj/(-i,o) = o s vj/(o,-d = o ( 69 ) 

There is only one solution of s 1 !'' ' -1 ' = which gives an action independent of k. In 
turn, the 5-invariance completely determines ^t' 10 ) (with the hypothesis that there are 
nor higher order derivative terms). As a matter of fact, up to a global scale factor and a 
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topological term, these two solutions give the same action. One has indeed : 

s vj/(-i.o) = JV j/(o,-i) + I I Ca Ti F A F (70) 
2 Jm 

So, we restrict ourself to the 5 invariant gauge function, and we define : 

S = s*¥ (71) 
where *P is a 5-closed gauge invariant functional, such that : 



(72) 



One has the usual interpretation that the action s*¥ is the gauge-fixing of a topological 
invariant. But the gauge fixing-f unction has been fixed from 5 5 invariance. 

We will shortly show that there is a duality symmetry between s and 5, and that one 
can express this action as a s<5-exact action. 



4.2 Gauge-fixing part 

We identify c and b as the familiar Faddeev-Popov pair of an antighost and a Lagrange 
multiplier for gauge-fixing the Yang-Mills invariance. We could use a term like s(cd ■ A), 
which violates the 5-invariance, but we prefer a s^-exact term: 

This gauge-fixing term breaks the SO(n) invariance, since it depends on k. From the 

point of view of the equivariant theory, however, the relevant action is the part of the 

action that is gauge invariant. It is determined by both s and S invariance. A further 

SO(n) invariant gauge-fixing of the yang-Mills symmetry implies the breaking of the 

vector symmetry. (This is of course a gauge-fixing artifact, which does not appear for 

the gauge invariant observables, which are ^-independent). This is understandable in 

the untwisted formalism, where a supersymmetric gauge-fixing process of the Yang-Mills 

invariance only holds in a fully superspace version of the theory, and would yield an 

infinite number of fields in 8 dimensions. 4 

4 A refinement of our work can be reached by extending our result in the context of equivariant 
invariance, which implies the introduction of a background gauge symmetry, along the line of [16, 17]. 
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4.3 A S(5-exact expression of the supersymmetric action 

As in the case of Mt = 2 topological theories, the action (69) is s^-exact on a reducible 
manifold. Indeed, we can verify the following very suggestive formula, which shows 
directly s and 5 invariances : 

S = s5 [ ^- 2 & (74) 
Jm \ k \ 




- 9 (k) A C A ([[A - A) A (F + F) - I (A - A) 3 ) + (g( K )r, + i kX ) a * *j (75) 

where we recognize the last term to be the Chern-Simon term 

dTr ^(A-A) A (F + F)-^(A-A) 3 ^ = Tr (F A F - °F A F) (76) 

o 

Note that in the case of a trivial fiber bundle we can take A = and recover the 
ordinary form of the Chern-Simon term. Unlike in the Mr = 2 case, the "potential" 
j M & cannot be interpreted as a Morse function for the theory. Indeed, the function 

f M Tr (^g^n) A C A [AdA-\- |^4 3 )^ has degenerated critical points, {i K A does not appear 

in its equations of motions), while the Chern-Simons potential gives a well defined Morse 
function in dimension n — 1, when there is a balanced topological theories [13]. 

4.4 Ghost antighost duality 

In spite of the fact that f M & is not a well defined Morse function, we can interpret 
formally 

F + g(K)r] + i KX + N 2 $ (77) 

as a curvature as in the case Mt — 2. This interpretation can be seen by introducing an 
involution *, which gives a duality between ghosts and anti-ghosts. 



*A = A * T = -T - — (g{K)i K F) 



2\k\ 2 



*^ = g(K)rj + i K x *1= n 2^* *X = W K W 

\k\ 2 Acr 



1 

"2 



1 o X 

*c=|/c|c * b = — b + [c, c] + -j— ri K (A — A) * c = t— tC (7t 



\K\ \K\ 
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This involution relates both operators s and 5, as follows : 

* s* = 5 * 5* = s (79) 
Note that * does not act as a derivative but as a group element, that is 

* (A ■ B) = *A ■ *B (80) 

Indeed, by definition of *, we can associate to the ^-invariant gauge function *P defined 
in Eq. (72) a mirror s-invariant gauge function, which defines a slightly different 5-exact 
gauge invariant action *S, which gives the same observables. By construction, *S is 
s- and (5-invariant. However *S is ^-dependent, but this dependence disappears after 
elimination of the auxiliary field T, and then *S becomes equal to S. 

The horizontality relation gives indeed : 

(d + 5)(A+ \k\c) + (A+ \k\c) 2 = F + g(tt)r) + i K x+ N 2 $ 

(d A + S B ) (F + g(K)r) + i kX + \k\ 2 ®) = (81) 

The gauge function **¥ replaces the ordinary gauge function *P, when one interchanges 
the roles of s and 5: 



2) 



**F = ^ 2 ^Tr (-g{K) A C A ^ A F-g{K)^T+^d A ^(g(K)r] + i K x)+M K ^^U (8 

Eventually, we can define the topological observables as functions of the dual variables, 
using any gauge invariant polynomial in the fields P(F, \&, $J, as follows : 

* (P(F, = * J |iP(F,f,$)e" s¥ 

= J * /U P(F, ^? (/ ^ )r / + ^ KX ,|/ ^ | 2 <l)e^ l^, 

= (P(F,g(K) V + i KX ,\K\ 2 <S>)) (83) 

The descent equations are obtained by changing d + s into d + 8. As a conclusion, 
after the duality operation *, the curvature of the "big bundle" defined in [19] becomes 
F + g{n)rj + % K x + |k| 2 $ instead of F + * + $. 



5 Conservation of the energy-momentum tensor an- 
tecedent 

We now verify that the operator 5 is truly generated by the conservation law of the 
BRST antecedent of the energy momentum tensor. This computation is tricky, since the 
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topological action is generally only invariant under G C SO(n). Let us write the action 
s^ 1 as : 

S= f d n x^Ti (\t^(-F^ + -T, v )+ x ^(D^ v --[$, Xiiv ]) 

JM \ Z 71 n 

+VD^ + <J{^ M , ^} - QDuD*® + [$, <S] 2 - r)[®, r)} J (84) 



To compute the energy momentum tensor, we use the standard formula : 

T^ = -5 ab ^e a u (85) 
e oe b 

We have to understand the way the projector on self-dual 2-forms transform under vari- 
ations of the vielbeins. In 8 dimensions, the variation of this projector P~ with respect 
to the vielbeins is 5 : 

= l C ^KH-\c^Kl5e^ (86) 
Using this formula, the energy momentum tensor is given by 

Tfu, = Tr ^-T V °F+ + 2 X u a D^ a]+ - 2D {lM r) ■ tt v} + 2${^, V u } + 2D { ^ ■ D v} ® 

+gj(- - l -)T°"(-F ap + -T ap ) + (-- l) X ap (D^ P - -[®,X* P ]) 
\ y n 2' n v n n 



(87) 

This tensor is not symmetric in eight dimensions and its antisymmetric part is anti- 
selfdual (it is valued in so(8)\spin(7)). This is allowed to the fact that only isometries 
which preserve the octonionic 4-form C define conserved charges. In four dimensions, it 
is symmetric. 

Since the BRST operator does not depend on e*, we have : 

1 

T, u = s-5 ab — I e a v (88) 

6 OCu 



3 In 4 dimensions, one replaces C a b cd by the e symbol 
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In this way, we find a s-antecedent of the energy momentum tensor : 

-Tr (xSF++2y {l ,D v} <l>\ (89) 

It is not yet conserved. However, by adding a s-exact term to A^, we can enforce the 
conservation law, as follows : 

V^A„ = V U$ - s Tr Qc*/"F CTp $ + ^ - ~ (l - i) X [/x,]^ j 



8A V v ^ ^ 7 J/ 5^ " 5$ 



2 X 5T 



U(J 



(90) 



From the above equation we can recover the explicit form of the functional generators 
Va\l that we introduced in section 2. We can verify that the resulting symmetry truly 
correspond to the (^-operator that we build in section 3.2 directly from the horizontality 
condition. 



6 Untwisting toward Yang— Mills supersymmetry 

The theories that we have determined in four and eight dimensions from 5 and s imparl- 
ances correspond by twist to super Yang-Mills M = 2 theories. The equivariant form of 
the scalar and the 5 BRST operators can in fact be identified on twisted combinations of 
spinorial supersymmetry generators. As a matter of fact, if we define the theory on a man- 
ifold that is sufficiently constrained to admit two supersymmetries of opposed chirality, 
the equivariant form of these s and 5 can be related to supersymmetry transformations 
as follows: 

0a e = 5 susy (6Q 65 5 = <WW0 (91) 

for 9 an anticommuting parameter and ( a chiral covariantly constant spinor. As it is well 
known, in eight dimensions we can construct the M = 2 super Yang-Mills algebra from 
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the dimensional reduction on a torus of the ten dimensional super Yang-Mills algebra, 
with a further Wick rotation of the M = 1 theory that is generally defined on Minkowski 
space. The transition from M = 1 to M = 2 is allowed by the fact that the Majorana- 
Weyl condition is consistent in eight dimensions for an Euclidean space and not for a 
Minkowski one. The Euclidean action obtained in this way is 

+\[<PuH 2 + ~ (A 79 [0i,A]) - \ (A[0 2 ,A])) (92) 
It is invariant under the following supersymmetries for any covariantly constant spinor e 

^su Sy 0i = -(e7gA) 
<W02 = -(eA) 

5 snsy \ =fe- i-iJp<pie - ipfoe + 79 [0i, 2 ]e 

(93) 

If M is defined to be a Spm(7)-manifold, it contains a chiral covariantly constant spinor 
C- We choose it Majorana-Weyl with norm equal to one. One can further construct the 
octonionic 4-form, as follows: 

(CC) = 1 4!(C7^pC)=C^ p (94) 

We can decompose the Majorana spinor fields of the theory in term of differential forms, 
by projection over (, which is the definition of the twist in 8 dimensions: 

X- = if( (95) 

Here rj, x and \1/ represent the same fields as in the previous sections, and the convention 
for the crossed out forms of rank k is that they are contracted with k gamma matrices 
with a normalization factor ^. Then, we have the redefinition for the scalar fields: 

$ = - (0! - (f> 2 ) <5 EE -- (0! + 2 ) (96) 

The twisted action that one obtains in this way is 



/ rf 8 xTr (--F^ + rtD^ + D^D^ + Ax^D^, 



+2$*^ + 2$ + V + $] 2 ) (97) 
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It is the same action as that obtained in section 4, from the demand of s and S invariances, 
after the integration of the auxiliary field T, modulo some rescalings, and up to the sum 
of a topological term: 

- \ [ C A Tr {F A F) (98) 

By using the decomposition by twist of the spinorial supersymmetry parameter e = 
{6 + 0^7^ + ^ At 7 At )C) one gets twisted generators Q, Q^, Q^. (Q and k^Q^ are truly 
identified with the BRST operators s c and 5 5 , in their equivariant form, both in 8 and 4 
dimensions.) 

Both charges (CQ) an d i(C^Q) completely constrain the supersymmetric theory. In 
this sense, the number of relevant supersymmetries can be reduced to five real super- 
charges in four dimensions (as already observed in [9]) and to nine real supercharges in 
in eight dimensions. 

It is very instructive that this reduced number of relevant generators can be directly 
constructed from one extended horizontality condition, defined in the Yang-Mills princi- 
pal bundle. 

As a further remark, the tensor generator of supersymmetry cannot be closed off-shell 
in eight dimension [20], contrarily to the case of 4 dimensions 6 . It is unknown if a system 
of auxiliary fields can be introduced to close the algebra of maximal supersymmetry. The 
existence of the tensor symmetry is not foreseen from the point of view of TQFT's, and 
its existence seems unnecessary, since the Q and symmetries are enough to determine 
the supersymmetry action. 

7 Equivariant Topological Field Theories 

The observables of the topological theories that we discussed so far are defined as classes 
of the ordinary de Rham cohomology of the extended exterior derivative d = d + s acting 
on M x B*, where M is the manifold on which the topological theory is formulated 
and B* is the space of gauge orbits of irreducible framed connections [19, 26]. In these 
theories, the scalar ghost-for-ghost field $ goes to zero at infinity, or in other words, 

6 From a technical point of view, the difference between four and eight dimensions amounts the fact 
that one can construct an antisclfdual 2-form as a bilinear combination of two other in four dimensions, 
by the use of 

p-J T p-r P p- T , KX (99) 
but not in eight, because this term is zero in this case. 
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has vanishing vacuum expectation value. Since, as we can see from (96), the $ field 
is related to the scalar fields of the supersymmetric Yang-Mills theory, it is interesting 
to construct a topological theory whose scalar fields acquire a non-vanishing vacuum 
expectation value [27]. This topological field theory can be obtained by considering the 
equivariant extension of the construction of [26] with respect to the Lie algebra t) of 
an Abelian subgroup H C G acting on B*. For example, for G = SU(N) one can 
consider the maximal Abelian subgroup H = [/(l)^" 1 , which is the suitable choice for 
the Seiberg-Witten model. Moreover, we also consider an equivariant extension with 
respect to a compact Abelian group of isometries K of M. This corresponds to a kind of 
spontaneous breaking of the symmetries of M down to K. In fact, as we will see in the 
following, the resulting equivariant topological theory corresponds to the twisted version 
of the Super Yang-Mills theory on a non-trivial gravitational background. 

The equivariant formulation allows for the use of a powerful localization formula [28] 
that reduce the integral over the equivariant forms on M x B* to a sum over the isolated 
fixed points of the K x H symmetry 7 . The results on the ordinary co homology may in 
general be recovered by sending to zero the parameters associated to this symmetry with 
a suitable prescription. In this sense, the equivariant extension can be thought as a very 
useful regularization procedure for the topological invariants. The localization formula 
has been extended for supermanifolds in [29] and exploited in the four dimensional case 
to compute the integral on the instanton moduli space, recovering the non-perturbative 
contribution to the low-energy Seiberg-Witten effective action [29, 30, 31]. 

In the following we will discuss the equivariant extension of our horizontality condi- 
tions and obtain from them the scalar and vector topological symmetries along the same 
lines of the previous sections. Then we will untwist our topological theory and show its 
relationship with the supersymmetric theory on the f2-background introduced in [22]. 

7.1 Equivariant horizontality condition 

Let us define the Weil complex corresponding to the equivariant cohomology 

H' KxH {MxB*) 

equivariant with respect to the action of K x H on B* . The action of K on B* can be 
defined as follows. The action of K on M can be lifted to an action on the principal 

7 Notice that the fixed points are isolated only in this case: considering the equivariance with respect 
to only one of the two groups, K or H, is not enough to localize to isolated points. 
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bundle P by the use of a background connexion A. This action induces a pullback 
action on the equivariant forms on P, which defines the action of K on B* . The relevant 
equivariant differential on the Weil complex is defined as usual on an equivariant form 
w(£) by 

(s t w)(0 = (s + fy)w(0 (100) 

where £* is the vector field of TP generating the action on B* associated to £ = (Q, a) £ 
t © f). £* decomposes into the horizontal lift v h of the vector field v of TM generated by 
the element of t and the fundamental vector a v associated to the element a of t), 

£* = (v h , a") £ Tif © TV (101) 

The closure of the equivariant BRST operator (100) reads on a generic form 

s\ = £ e (102) 

so that S| is a nilpotent operator on equivariant forms. This is locally expressed on M 

o 

s\ = C v + S muge (i v A - a) (103) 

The explicit representation of the operator (100) on anti-self-dual gauge connections has 
been discussed in detail in [31, 29, 32]. Since commutes with st,we have the following 
nilpotent operator on the whole complex (not restricted to its invariant subcomplex) 

(d + Si -i v h +a vf = (104) 

So we can define s% as usual by the use of an horizontality condition 

(d + s t -i vh+a v)(A + c) + (A + c) 2 = F + $ + $ (105) 

and its associated Bianchi identity. Moving the term i^*A to the right hand side we 
obtain the definition of the equivariant curvature [28] 

(d + s t )(A + c) + (A + c) 2 = F + ^ + $ t (106) 

Notice that on the right hand side of (106) it appears the equivariant extension of the 

o 

scalar field = + i v (A - A) = $ + a + i v (A - A), where //(£) = a + i v (A — A) is the 
moment of the vector field [28] . This deformation of the scalar field is precisely that 
found in the explicit computations on the instanton moduli space in four dimensions [33]. 
The field $(, has a non-trivial vacuum expectation value in the Cartan subalgebra of the 
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group G, due to the presence of the term a [31, 29, 33]. Notice that the vector £* has 
ghost number 2. 

The dual version of equation (105) is naturally defined with the use of another Killing 
vector v on M and another element a of f) which define a vector £* = v h + a u on P, all 
with ghost number —2, and reads 

(d + 5 t - |k| 2 z^ + ^)(A+ |«|c) + (A+ |«|c) 2 = F + ^(k)77 + z K x + N 2 $ (107) 

Exactly in the same way as in the previous sections, we can combine the horizontality 
conditions (105) and (107) into a single one which will define the equivariant BRST 
operator as well as the corresponding vector symmetry. The extended horizontality 
condition is 

(d + s E + 8% — i K h+£*+i«|2f*)(>l + c + \n\cj + [A + c + |k|c) 2 

= F + * + 5((k)?7 + z K hX + $ + M 2 ^ (108) 

and its associated Bianchi relation 

(d + s £ + 5 £ - z K h +e+W 2 f *) (F + * + g{K)rj + v>x + $ + |«| 2 $) 

+ [A + c+ |k|c, F + * + + i K hX + * + |«| 2 $] = (109) 

By following the same procedure described in the previous sections for the ordinary 
topological field theory, and redefining now 

S c = Si + 5gaugc(c) 8c = 8 t + 5 g augc(|K|c) (110) 

we can extract from (108) and (109) the complete transformations of the fields 

s c A = ^ 8cA = g(K)r} + i K x 

s c ^ = -d A $ + i v F 8 s ^ = i K (T + F) +g(K)s c 7] 

s c § = i v ^ 8c$ = i K y+ (k ■ v)r] + i v i K x 

s c $ = r) + i v $ 5 g i> = (v ■ k)t) + iyi K x 

s c r] = [$, <5] + S? v $ - + i i v F 8 5 v = - iJoF 

ScX = T 8- cX = \ (g{K) (d A <S> - i € F)) ~ 

s c T = [$, x] + Se vX 8 S T = - f (y(«) (d AV + [<5, + )) " + X X 

(HI) 
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We remark that in the four dimensional case the s c transformations on the fields in the 
first column of (111) induce exactly the BRST transformations on the instanton moduli 
space that have been used for the localization in [30, 31, 29]. The transformations in the 
Faddeev-Popov sector read 

o o 

s e c = $ + a - c 2 + i v {A - A) 5 t c = i K (A - A) - \n\b 

Si c = b-[c,c\ 5 i c=\K\($ + a-c 2 + i € (A- A)) ( 112 ) 

s t b = [$, c] - Jzf„c - [c, b] 6^ b= \k\ {J£ k c - r]) 

The algebra (111), (112) closes off-shell, provided that [v, v] = C v v = 0, d(n • v) = 0. 
Moreover, dg(v) and dg(v) must be selfduals in the eight dimensional case. Then, one 
has, but on the Faddeev-Popov sector: 

s 2 c = <We($ + ivA) + C v 5 5 2 = 5 gaug c(<l + ivA) + Cy 

{s c , 5 5 } = C K + 5 gange (i K A) (113) 

The S| and 5^ symmetries completely constrain the classical action also in the equivariant 
case. The details of this computation are given in appendix B. The action of the 
equivariant topological theory is S{ (Vexact 

S = s e 5 t [ (114) 

with 

& = Tr (± 9 {k) a C a ((A -A) a (F+°F)-^(A- A) 3 ^ + + i kX ) a * tfj (115) 

and still displays an intriguing relationship with the Chern-Simons action functional. By 
acting with 5% in (115) one gets 



+ *q [$, <J] + J^,<J - + i i w F (116) 
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and finally by acting with S{ 

Tr I F~ * F~ — ld A <£> -i v F)*[ d A § - i^F ) +x* d A ^> -^*d A r) 



M 



+ t ★ (f + ir) - ^ x * ([$, x] + Xxj - V * ([QM + ^vv) 

- * * f tt] + JS? tt) + f #] + X$ - + ^i 71 ) (H7) 



By comparing the equivariant topological action (117) to the topological action (97) 
one get a simple rule to pass from one to the other. In the case discussed in Sect. 4 the 
s c and 5 S operators are nilpotent modulo gauge transformations, i.e. s\ = 5 gangc (§) 
and 5\ = 5 gangc (<b). In the equivariant case, the nilpotency is also verified modulo 
reparametrizations along the Killing vectors v and v, as one can see from the first line of 
Eq. (113). To pass from the ordinary topological theory to the equivariant one, we have 
to make the substitution 

<Wc($) -»■ <Wc($ + ivA) + C v <We($) -»■ <We($ + M) + C € (118) 

This amounts to the redefinitions 

d A $ — > d A $ - i v F d A § — > c/a$ - is-F 

[$,$] -> [$,$] + Sf v $ + ivivF (119) 

for the bosonic fields, and 

x] -> X] + »7] -> »7] + 

-> + J%* (120) 

for the fermion fields. One can check that, by doing the substitutions (119) and (120) in 
the topological action (97), one obtains the equivariant topological action (117). 

Finally, we see that in the equivariant topological theory, the scalar field $(, has a non- 
trivial expectation value. In the following subsection we will show that the equivariant 
action (117) can be related by twist to the Super Yang-Mills theory on the f2-background 
introduced in [22]. 

7.2 Dimensional reduction and Q background 

The so-called f2-background can be introduced by considering a non-trivial dimensional 
reduction of the Super Yang-Mills theory on a torus. In this dimensional reduction, the 
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original theory is denned on a Riemannian fiber bundle E 

M -> E 
I 

T m-n ( 121 ) 

such that the manifold M on which the dimensionally reduced theory lives is fibered on 
the torus. Eventually, we can define the metric as follows : 

G = 5 aP dy a ® dy p + (dx? + v£dy a ) <8> (da:" + i^d/) (122) 

Here, the x M are local coordinates on M, y a are coordinates on T m ~ n and v a are vector 
fields on M. It is natural to require that the metric G does not depend on the torus 
coordinates; in fact, any non-trivial dependence would forbid a consistent cancellation 
of non-zero modes in the limit of zero radius. 

In order to have a supersymmetric theory, one requires the existence of, at least, one 
supersymmetry generator, and thus the existence of a covariantly constant spinor field 
on the manifold. This implies that both manifolds M and E are Ricci flat [21] : 

E R mn = K % u = (123) 

These equations turn into constraints on the vector fields v a 

[v a ,vp] = 

d*dg(v a )=0 (124) 

The first equation in (124) implies that w a 's are Killing vectors for the manifold M, while 
the second imposes that they commute, i.e. £ Va vp = 0. The vectors v a can be mapped 
upon the Killing vectors that we used in the construction of the equivariant topologi- 
cal field theory in the previous subsection. The last equation in (124) imposes further 
restrictions on the v a 's in order to preserve the supersymmetry. These conditions are 
not present in the topological theory. In fact, as we will see in detail in the following, 
they can be relaxed at the price of breaking the SO(n) rotation invariance of the super- 
symmetric theory to the special holonomy subgroup required to define the topologically 
twisted theory. 

Let us now work out the case of the eight-dimensional super Yang-Mills theory. 
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7.2.1 Supersymmetric formulation in eight dimensions 

The ten-dimensional vielbeins corresponding to the metric (122) are 

The dimensional reduction of the ten-dimensional Yang-Mills curvature reads 

11 1 

-F mn dx m A dx n = -F^ dx^ A dx u + D^ a dx» A dy a + -[(/>„, <j> p ] dy a A dy p 

We can write this curvature in locally flat coordinates by using the vielbeins (125) 
l -F AB e A A e B = l -F ab e\e b + (e^D^p - v^F^j e\dy a 

+ \ ([<!>*, U - v^D^p + v»D^ a + v^F^j dy a A dyP (126) 
By plugging (126) into the action 

l/ x Vg^ ^-^^ B + ^(Ar A J D A A)j (127) 

one can read the bosonic part of the eight-dimensional action. Concerning the fermionic 
part, we have to decompose the contraction of the covariant derivative e™D m . To simplify 
the computation we observe that 

since e™ is covariantly constant. The Lie derivative is independent of the Riemannian 
connection and thanks to this property, one has : 



e^D m =l , <j> a -Sf Va J (129) 

The ten-dimensional gamma matrices are related to those in eight dimensions as follows: 

r m = a 2 ® 7 M ,^2 ® 79,^i ® 1 (130) 

Using the above equations one obtains the action and its supersymmetries on a eight 
dimensional pseudo-Riemannian manifold. By extending to eight dimensions the Wick 
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rotation on the fermions, which is defined in [23], one can Wick- rotate this theory to a 
Riemannian manifold, as follows : 



a: -> e~ ie x° 7 8 = *7° 



)!->e^i 02^02 (131) 



t>i — > e w fi u 2 — > '(j 2 

Eventually, one sets = | , and one gets the Euclidean action 

£ d 8 x^Tr {-\F, V F^ - ~ (D^ a + i£F„ M ) + + 1 (a£>A) 



ii, 2 ] - & Vl <h + ^ 2 0i + ViV%F f 



/.(!/ 



+ 1^A T9 ([0 1 ,A]-^ Ji A)^+Va([0 2 ,A]-X 2 A)) ] (132) 



We recall that the spinor Lie derivative is defined by 



S? v \ = v^X + ^D^-fX (133) 



where = ^[7^,7^]. 

The action (132) has the following supersymmetry : 

5 An = -i(e7 M A) 
50i = -(ey 9 A) - i(afi\) 
5<p2 = -(eA) - z'(q/ 2 A) 

5A = f e - ^79 (^)0i + 2^ J e - 2 (#>0 2 + ) e 



+79 ( [01, 2 ] - + 3f V2 (f)2 + 



(134) 

In fact, the symmetry holds only if the covariantly constant spinor e is constant along the 
flow of the VaS. Thus Vt^ b = \ (dg(v a )) ab must define a degenerated matrix In eight 
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dimensions, a constant spinor only exists on a Joyce manifold, and its Lie derivative can 
be written as 

£ v e a = -ftjep (135) 

which is zero if and only if Q is selfdual. Thus the constant spinor remains invariant 
under the isometries generated by v a 's only if the matrix Q a is selfdual. Such vectors 
verify the third equations in (124) d * dg(v a )=0. The explicit form of the action (132) 
for M = R 8 is displayed in Appendix C. 

7.2.2 The twisted theory for f2 backgrounds 

The modifications of the supersymmetric theory are formally quite mild when one intro- 
duces the Q backgrounds. They are completely determined at the purely bosonic level. 
Thus, all twist operations must remain identical, and one can define the twisted scalar 
and vector operators Q and from Eq.(134). To compute the twisted version of the 
action (132), we define: 

v = v 1 - v 2 v — - (f i + v 2 ) (136) 

We obtain : 

~F -k F — (d A <$> - i v F) * (d A $ - ivFj - A X ★ d A ^ - * * d A rj 



M 



-**^[$,*]+J%^+^[$,$]+J^$-J%$ + i i w F^ + 2T*T) (137) 

One can verify that this action is Q exact, up to a topological term and can be written 
as follows: 

I = ~\ [ T r (C A F A F) 

1 JM 

+ Q J Tr \^-2 X * (F — T) + ^ * (d A ® - i^F^j 
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We thus recover by twisting the action of the equivariant topological theory (117) 8 , and 
discover that the scalar and vector topological symmetries defined from the equivariant 
horizontality conditions correspond to the twisted supersymmetries of the Super Yang- 
Mills theory on the f2-background. Notice that the action in the twisted formulation 
(137) is BRST-exact, and so BRST closed, for all commuting vector fields v a , so that 
the matrices are 110 longer required to be self-dual in order to have a BRST-closed 
action. This can be understood as follows: if we consider the twisted theory for a generic 
^-background (i.e. f2" b generic matrices) and we untwist it, we get a term 

\^f^-\K^ +a ,-W%)^ (139) 

where the plus and the minus stand for the self-dual and anti-self-dual projections with 
respect to the Cayley four form C . The term (139) breaks the rotation invariance from 
50(8) to Spin(7), effectively twisting the theory. 

8 Conclusion 

On manifolds of reducible tangent bundle, the existence of a covariantly constant vector 
field allows one to extend the horizontality condition. This extension define two nilpotent 
topological operators, the usual scalar one, and the vector topological operator. These 
two operators define a closed off-shell algebra, in a globally well-defined way. In order to 
make contact with known results, we observe that the dimensional reduction on a circle 
with tangent vector k of this horizontality condition is nothing but the BRST-antiBRST 
horizontality condition, which also defines two topological charges of a resulting balanced 
topological theory, as it was defined in [13]. The consistency of the algebra needs the 
existence of the concept of selfduality or antiselfduality. In eight dimensions, this implies 
that the manifold is of a Joyce type. The use of the vector symmetry permits one to raise 
the indetermination of the topological gauge function, and eventually of a topological 
BRSTQFT action that determines by twist supersymmetry. 

The invariance of the action under the vector symmetry is in fact equivalent to the 
conservation of its Noether current, which turns out to be a BRST-antecedent of the 
energy momentum tensor. A more conventional construction would be the definition of a 
BRSTQFT from the last condition, but it would obscure the geometrical interpretation. 

8 This hold true, up to a rescaling in (116) which leaves the BRST operator invariant. That is of a 
factor —2 for \ an< l T, a factor ^ for $, 77 and v, and a global factor 2 on the action. We must also add 
the substitution T -> T + F~ . 
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This algebraic construction of topological theory extends to the case of f2 background. 
The extended differential is understood as the equivariant differential with respect to the 
action of an isometry group of the physical space, and the observables of the theory are 
in the equivariant cohomology of this differential. 

Beyond the mathematical interpretation of the fields occurring in BRSTQFT, it is 
striking that the extended horizontality condition also provides a geometrical construction 
of a subalgebra of (possibly maximal) supersymmetry which can is closed off-shell and 
completely determines the action. Thus, it determines the whole supersymmetric algebra 
in the flat space limit, and the question of having no finite set of auxiliary field for the 
superPoincare algebra becomes irrelevant. These results are compatible with dimensional 
reduction, and apply therefore to different cases of supersymmetry, in other dimensions. 

A Algebra of the octonionic 4-form 

We define the two projectors : 




(140) 



and from the formula [34] 



(141) 



we can show that 




(142) 
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Actually, the two last equations state that if we consider 2-form as Lie algebra elements, 
the commutator of two antiselfduals ones gives a selfdual, and the commutator of one 
antiselfdual and one selfdual gives an antiselfdual. The first and the fourth can be 
seen from seven dimensional gamma matrix point of view, where 7 a states for vector 
(antiselfdual 2-form) and for Spin(7) Lie algebra element (selfdual 2-form), we see 
that both equations represent the single formula •y a % = 5 a b + 1^ ab . 

B 5% invariance of the gauge function in Q background 

In this appendix, we show that the S operator (111) constrains correctly the more general 
gauge function exactly renormalizable in four dimensions. The gauge function contains, a 
priori, terms involving the two vectors v and v. We will assume that the gauge function 
does not depend of the derivatives of v and v. These vectors have respectively ghost 
number 2 and —2. We can decompose the gauge function of total ghost number —1 into 
a sum over the terms of field's ghost number 2i — 1. 



In exactly the same way 6 5 decomposes into 5_i + 5q + 5\ and the equation d^i* = 
decomposes into 




(143) 



+ W + ,Vi 



(144) 
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Since we are interested in the equivariant part of the action, we have not considered the 
fields c, c and b. The possible gauge functions of given field's ghost number are 

¥_i= J Tr (a- 1 i v x*d A ® + 

= / Tr ( a X*F+boX*F + c **dA$ + i>o*77[$,$] 

Jm V 

+ao«{)X * + a' i v x * i^T + (F + /3*CF) 

+boZ„x * ^ (F + /3 * CF) + Cg ★ i c VJf v $ + c' ★ JS^fc 

T + Zq -k Tji v i v 

*¥x = Tr I aii T** + bii c (F + a*CF)** + Ciz x*dA$ 
Jm y 

+ |t;| 2 ^a' 1 i u T*^ + b'^(F + «'*CF) 

^2 = j Tr ^a 2 |t;| 2 ^*G^$ + b 2 *io#J2c$+ M 2 * (c 2 ^*^$ + c 2 ^*=%$)^ 

(145) 

where the parameters could be arbitrary functions of (v ■ v). In this computation, we 
use the fact that v and v are two commuting Killing vectors, the fact that k is covari- 
antly constant and, as a matter of fact, we must add to these requirements that these 
three vectors are linearly independent, that the three 2-form g(v) A g (v), g(n) A g(v) and 
g(n) A g(v), are not selfdual, as well as the condition that (k • v) is not zero. The easiest 
way to compute S^V = is to begin by the term of higher degree in order to constrain 
the parameters before to compute the more complex expressions, 5-i*¥~i = does not 
give any informations, but 6^2 = constrains a 2 to be zero. 5i*¥i + 5q x ¥2 = then 
establishes that ^2 is null, and that bi and 9i are the only two non zero parameters of 
*Pi and must be opposed. Next (Jo^-i + ^-i^o — gives o_i, Cq and f to be zero and 
constrains b_i, c and D to be equal. The most meaningful equation is ^i^o + ^i^o = , 
it gives a' = a' = b' = b' = c' Q = Do = and constrains all the other parameters. But, let 
us look at a residual term more closely. After all the coefficients have been constrained 
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up to a global factor we leave with the expression 

6 1 V + 6 Q V 1 = f ^-g(K) A C A ivTr (F A F) (146) 

which seems to be non zero at first sight. Since the manifold on which the theory is 
defined admits a covariantly constant vector field, it must decompose into R x N in the 
simply connected case 9 , as a matter of fact we will be able to annul the term (146) only 
in this case. The embeddings of R in M can be put into effect by the flow of k, which 
we remind to be defined by 

J t (f>K,t(p) = «|^, t (p) ( 147 ) 

This one defines a global function t on M, for which the flow equation can be written 
dt = g{n). Therefore g(n) is <i-exact and we can use this property to compute that 10 

/ g( K ) A C A ^Tr (F A F) = [ ( (k • v)C + tC^C) Jr (F A F) (148) 
Jm Jm 

In order to this term to be null, (k-v) must be constant for a gauge fiber bundle of trivial 
second Chern class, and zero otherwise, and dg(v) must be self dual in order for to 
leave C invariant. That is why we have not assumed that (re • v) was non zero in the 
calculus. These requirements are a bit strong , because they impose v to be zero in four 
dimensions. Nevertheless the case studied of Nekrasov [24, 25] fall in this restricted class. 
As a matter of fact v does not contribute to topological amplitudes by construction. To 
finish the computation, note that the last constraint, confirms what has already been 
given by the others. Therefore we obtain the well constrained gauge function up to a 
global scale factor 

vj> = J Tr (^-x *T + x* F + m * (d A § - i„F 

+ *n([$, #] + JSf w $ - + i*i v F ) ) (149) 
and we have obtained the (^-exact gauge function (116). 



9 See page 16. 

10 Note that in order to the integration by part to work, F must converges as quickly as necessary 
where t — > oo in such way that the t factor could be compensated. 
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C Q background in Euclidean space 



In the case of a flat space, we can write explicitly the form of the Killing vectors as 
generators of so(n) elements. We give here the explicit form of the supersymmetric 
action in the eight dimensional case. We use the scalar $ and $ used in the twisted 
version, as well as the matrix Qp U = ^(dg(v)) v and flp U = \{dg{v)} . With these 
definitions the Q background action can be expended as follows : 

S = So + Q lySin + Q p u Sip U 

+ Vl p a VL u p S2p V ap + Vt p a Vt pS^l p + VL p a Vt p S2fj,u 
+ pVl \S-ip VK + Vl p a VL pVl \S-ip UK p 

+ w a n" P n K e n x T s i p UKX ° pdT (150) 

with the definitions 

So = [ d 8 xTr i--Fp V F^ + D^D»<f> - % -\ a p a6l \ & - % -\Jp™\ a 
Jm V 4 * * 

+i[$,<l] 2 + A ci [<l,Ai-iA Q [$,A a ^ 
Si/ = j tfx(x Vr to (F^D^+[^,^)D^-X & D^) + ^Tr (A a7 /<A^)J 
Sip" = d 8 x^Ti (F^D'Q - [$, + \\ a Dp\ a ) - ^Tr (A a 7 / Q %)J 

S 2 pu ap =\\ d 8 x x°x p Tr (Dp$D^) 

S ( 2pl ap =f rf 8 «VTr (Fp K F UK + Fp U [$,$]- D^D V ^) 

S 2 pJ P =\\ d 8 x x a x p Tr {DpQD v <&) 

* Jm 

S 3flVK ap * = / d 8 xx°x p x x Tr (F^D,,*) 
Jm 

S 3 p UK ° pX = f AiVx A Tr (F Klt D v §) 
Jm 

S,p UK x apeT =l [ d 8 xx°x p x e x T Tr {Fp U F KX ) 

* Jm 

(151) 
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